
  

 

UNDERGRADUATE FOURTH SEMESTER (HONOURS) EXAMINATIONS, 2022 

Subject:  Mathematics       Course ID: 42112  

Course Code: SH/MTH/402/C-9                                              Course Title: Multivariate Calculus 

Full Marks: 40        Time: 2 Hours 

The figures in the margin indicate the full marks 

Notations and symbols have their usual meaning 

1. Answer any  five of the following questions:                                                  (𝟐 × 𝟓 =  𝟏𝟎) 

a) Show that  lim
(𝑥,𝑦)→(0,0)

  
𝑥2𝑦2

𝑥2𝑦2+ (𝑥−𝑦)2
 does not exist. 

b) If  𝑧 = 𝑥𝑒𝑥𝑦 , where  𝑥 =  𝑡2, 𝑦 =
1

𝑡
 ,   find   

𝑑𝑧

𝑑𝑡
  at  𝑡 =  1. 

c) If 𝑓(𝑥, 𝑦) = 𝑥|𝑥| + |𝑦|  for all (𝑥, 𝑦)ℝ2,  then test the differentiability of 𝑓 at the origin. 

d) Find the directional derivative of 𝑓(𝑥, 𝑦, 𝑧) = 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 along (𝑖̂ + 2𝑗̂ + 𝑘̂) at (1,2,0). 

e) Integrate ∬𝑟2 sin𝜃 𝑑𝑟𝑑𝜃 over upper half of the circle 𝑟 = 2𝑎 cos𝜃. 

f) Show that 
1

2
∮𝑐

(𝑋𝑑𝑦 − 𝑌𝑑𝑥) represents the area bounded by the simple closed curve C on 

a plane.  

g) Find the equation of the tangent plane to the surface  𝑥2 + 𝑦2 + (𝑧 + 1)2 = 10  at the 

point  (2, − 1, 2). 

h) Show that  𝛻 ⃗⃗  ⃗ 𝑟𝑛 = 𝑛 𝑟𝑛−2  𝑟 ⃗⃗  ,   where  𝑟 ⃗⃗ = 𝑥 𝑖 ̂  +  𝑦 𝑗 ̂  +  𝑧 𝑘 ̂    and  𝑟 = |𝑟 ⃗⃗ |. 

2. Answer any  four of the following questions:                                                 (𝟓 ×  𝟒 =  𝟐𝟎) 

a) Find the extrema of the function 𝑓 given by 𝑓(𝑥, 𝑦) = sin𝑥 sin𝑦 sin(𝑥 + 𝑦) over 𝐸 where 

𝐸 = {(𝑥, 𝑦): 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑥 + 𝑦 ≤ 𝜋}. 

b) If 𝑈 ⊆ ℝ2 and the function 𝑓: 𝑈 → ℝ is such that only one of 
𝜕𝑓

𝜕𝑥
 and 

𝜕𝑓

𝜕𝑦
 exists and the other 

is continuous at a point (𝑎, 𝑏) ∈ 𝑈 then prove that f is differentiable at (𝑎, 𝑏). 

c) Changing the order of integration prove that 

∫∫
𝜑′(𝑦)𝑑𝑥𝑑𝑦

√(𝑎 − 𝑥)(𝑥 − 𝑦)
= 𝜋[𝜑(𝑎) − 𝜑(0)].

𝑥

0

𝑎

0

 

d) Using polar transformation, evaluate 

∫ ∫ 𝑒−(𝑥2 + 2𝑥𝑦 cos𝛼 + 𝑦2)

∞

0

∞

0

  𝑑𝑥 𝑑𝑦 

  where  0 < 𝛼 <  
𝜋

2
 .                                                                                                                                             

e) Show that  

∭  
𝑑𝑥 𝑑𝑦 𝑑𝑧

(1 + 𝑥 + 𝑦 + 𝑧)3
= 

1

2𝑉

[log2 − 
5

8
] 



  

 

 where 𝑉 is the region bounded by the coordinate planes  𝑥 = 0, 𝑦 = 0, 𝑧 = 0 and the  

plane   𝑥 + 𝑦 + 𝑧 = 1. 

f) Use Stokes'  theorem to show that 

                                  

∮(𝑦 𝑑𝑥 + 𝑧 𝑑𝑦 + 𝑥 𝑑𝑧) =  −2√2 𝜋𝑎2
.

𝐶

 

       where  𝐶  is the curve of intersection of the sphere  𝑥2  +  𝑦2 + 𝑧2  −  2𝑎𝑥 − 2𝑎𝑦 = 0   and the 

plane    𝑥 + 𝑦 = 2𝑎.                  

                                                                                                                                       

3.  Answer any one  of the following questions:                                                      (𝟏𝟎 ×  𝟏 =  𝟏𝟎) 

a) (i) Define repeated limits of a double variable function.  Does the existence of the repeated 

limits imply the existence of the double limit? Justify your answer.  

(ii) Compute the volume 𝑉, common to the ellipsoid of revolution 
𝑥2

𝑎2 +
𝑦2

𝑏2 +
𝑧2

𝑐2 = 1 and the 

cylinder 𝑥2 + 𝑦2 − 𝑎𝑦 = 0.                                                                                                           5+5 

b) (i) Verify Green's theorem in the plane for  

∮[(3𝑥2  + 2𝑦)𝑑𝑥 − (𝑥 + 3 cos𝑦) 𝑑𝑦]

𝐶

 , 

              where 𝐶 is the boundary of the region enclosed by the parallelogram having vertices   at   

(0, 0), (2, 0), (3, 1) and (1, 1). 

         (ii)  If  𝑧 = 𝑥 𝑓(𝑥 + 𝑦) +  𝑦 𝑔(𝑥 + 𝑦),  prove that 

𝜕2𝑧 

𝜕𝑥2
−  2 

𝜕2𝑧 

𝜕𝑥𝜕𝑦
 +  

𝜕2𝑧 

𝜕𝑦2
= 0. 

       where 𝑓 and 𝑔 are two differentiable functions.                                                                                                                     

       iii)  If  𝑎 ⃗⃗⃗    is a constant vector and   𝑟 ⃗⃗ = 𝑥 𝑖 ̂  +  𝑦 𝑗 ̂  +  𝑧 𝑘 ̂ ,   prove that  (𝑎 ⃗⃗⃗  ∙ ∇⃗⃗ ) 𝑟 ⃗⃗ =  𝑎 ⃗⃗⃗  .      

 5+3+2                                
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